Notes for “Geometry and topology in many-particle systems’
Physics 250, University of California, Berkeley

(Dated: April 21, 2009)

FQHE background: in class we gave some standard background on the fractional quantum Hall effect. Most of this
material is standard and can be found in quantum Hall edited volumes and textbooks (Prange and Girvin; Das Sarma
and Pinczuk; Jain). Our discussion centered on the Laughlin wavefunction for two-dimensional electrons (z; = x; +iy;
describes the jth electron, j =1,..., N)

\Ijm = H(Zz — Zj)m e > |Zi‘2/442. (1)
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The magnetic length is ¢ = (/hc/eB and the wavefunction is not normalized. This wavefunction clearly can be
expanded over the single-electron lowest Landau level wavefunctions in the rotational gauge,

'l/Jm — Zme—|z|2/4€2_ (2)

where m = 0,1, ... labels angular momentum. For m = 1 the Laughlin state is just a Slater determinant for the filled
lowest Landau level, but for higher m it is believed not to be a sum of any finite number of Slater determinants in
the N — oo limit.

We explained the origin of this wavefunction using the pseudopotential approach introduced by Haldane: it is the
maximum-density zero-energy state of a repulsive interaction that vanishes for relative angular momentum greater
than or equal to m. We checked that its density is v = 1/m by looking at the degree of the polynomial factor, which
is directly related to (r?), and argued that it contains “quasihole” excitations of charge —¢q/m, where ¢ is the charge
of the electrons. The wavefunction for a quasihole at zg is

\I/quasihole = (H(zz - ZO)) V. (3)

The fractional charge can be understood by noting that m copies of the extra factor here would lead to the wavefunction
with an electron at zg, but without treating zy as an electron coordinate; in other words, a wavefunction with a “hole”
added at zg. It has edge states that at first glance are loosely similar to those in the filled Landau level.

I. WEN-TYPE TOPOLOGICAL PHASES: THE FRACTIONAL QUANTUM HALL EFFECT
A. Chern-Simons theory I: flux attachment and statistics change

We will now start the process of developing a more abstract description of the fractional quantum Hall effect that
will help us understand what type of order it has. For example, this will define precisely what it means to say that the
physical state is adiabatically connected to the Laughlin wavefunction. Our main tool will be Chern-Simons theory;
we briefly encounted the Chern-Simons term of the electromagnetic gauge potential when we discussed quantum
Hall layers at the surface of the strong topological insulator, and we will come to that in a moment. However, a
more fundamental use of the Chern-Simons theory is to describe the internal degrees of freedom of the quantum Hall
liquid. In other words, we will have both an “internal” Chern-Simons theory describing the quantum Hall liquid and
a Chern-Simons term induced in the electromagnetic action.

Since that sounds complicated, let’s start by understanding why a Chern-Simons theory might be useful. To begin,
we come up with a picture for the Laughlin state by noting that, since the filled lowest Landau level has one magnetic
flux quantum per electron, the Laughlin state at m = 3 (i.e., v = 1/3) has three flux quanta per electron. To
get a picture for how the Laughlin state is connected to the v = 1 state, we imagine attaching two of these flux
quanta to each electron. The resulting “composite fermion” still has fermionic statistics, by the following counting.
Interchanging two electrons gives a —1 factor. The Aharonov-Bohm factor from moving an electron all the way
around a flux quantum is 4+1, but in this exchange process, each electron moves only half-way around the flux quanta



attached to the other electron. So when one of these objects is exchanged with another, the wavefunction picks up
three factors of —1 and the statistics is still fermionic.

These composite fermions now can form the integer quantum Hall state in the remaining field of one flux quantum
per composite fermion, leading to a v = 1/3 incompressible state in terms of the original electrons. More generally,
the phase picked up by a particle of charge ¢ moving completely around a flux ® is

61«9 _ eiq@/(hc)- (4)

We will now see how the Chern-Simons term lets us carry out a “flux attachment” related to the above composite
fermion idea: in fact, by attaching three flux quanta rather than two to each electron, we would obtain bosons moving
in zero applied field, and the Laughlin state can be viewed as a Bose-Einstein condensate of these “composite bosons”
(cf. Zhang, Hansson, and Kivelson, PRL 1988). !

The Abelian Chern-Simons theory we will study is described by the Lagrangian density in 241 dimensional
Minkowski spacetime

L= 276“1/)\(1“8”@)\ +auj" (5)

where 7 is a numerical constant that we will interpret later, a is the Chern-Simons gauge field, and j is a conserved
current describing the particles of the theory. Under a gauge transformation a,, — a, + 0., the Chern-Simons term
(the first one) transforms as

e"”AaH&,aA — e“l’)‘aM&,a,\ + e“”)‘auxa,ja,\, (6)

where the term with two derivatives of x drops out by antisymmetry. The new term can be written as
6S = 27/d2xdte“”)‘8ﬂ(xﬁya,\), (7)

where again the term with two derivatives acting on a gives zero by antisymmetry. So, if we can neglect the boundary,
the Abelian Chern-Simons term is gauge-invariant. (As we discussed previously in the discussion of magnetoelectric
polarizability, the non-Abelian Chern-Simons term is not gauge-invariant, because “large” (non-null-homotopic) gauge
transformations change the integral; this is related to the third homotopy group of SU(N).) Later on we will actually
consider a system with a boundary and see how the boundary term leads to physically important effects.

Consider the equation of motion from varying this action. We get

4yet N = — G (8)

where the 4 rather than 2 appears because the Chern-Simons term has nonzero derivative with respect to both a and
Oa. For a particle sitting at rest, the spatial components of the current vanish, but there must be a flux: writing in
components,

1
/ d21‘(8102 — 82&1) = —E/d21‘j0. (9)

Hence a charged particle in the theory gains a flux of the a field (since the left term is just the integral of a magnetic
field). If the charge is localized, then the flux is localized as well.

What good is this? Well, we know that when one charged particle with respect to the a field moves around another,
it will now pick up an Aharonov-Bohm phase from the attached flux in addition to any statistics factor. The additional
statistics factor is

1

= ga (10)

where the 1/2 here results because the particles only move halfway around each other in an exchange. In other words,
if we started with 8 = 0 bosonic particles but added a v = % Chern-Simons term, we would obtain fermions, and vice
versa. But so far nothing constrains ~y, suggesting that in two dimensions, “braiding” statistics is not constrained to

be bosonic or fermionic. Particles in two dimensions that are neither bosonic nor fermionic are known as “anyons”.

1 One feature of the composite fermion picture that is preferable to the composite boson picture is that the former is naturally described
as “topological order”, while the latter would lead to a picture of the phase in terms of the symmetry-breaking order of a BEC.



Why is two spatial dimensions so special? It turns out that an argument about why generalized statistics are
possible for point particles in two spatial dimensions but not higher dimensions was given long ago by Leinaas and
Myrheim (1976). The key observation is that an exchange path that takes one particle around another and back to
its original location is not smoothly contractible in 2D without having the particles pass through each other, while in
higher dimensions, such a path is contractible. The consequence of this is that in two dimensions, phase factors are

not just defined for permutations of the particles but rather for any “braiding”. 2

B. Chern-Simons theory ll: integrating out gauge fields and coupling to electromagnetism

Aside from the composite fermion/composite boson pictures, why might the Chern-Simons theory with Lagrangian
density given by (5) describe quantum Hall states? Without working through a detailed derivation starting from
nonrelativistic quantum mechanics of many interacting electrons in a magnetic field (which is still not all that rigorous;
for a discussion, see lecture notes of A. Zee in Field Theory, Topology, and Condensed Matter Physics, Springer), we

can note the following. A conserved electromagnetic current in 2+1D can always be written as the curl of a gauge
field:

1
JH = — €29, ay. 11
27 v (11)
(Note that this electromagnetic current might in general be distinct from the particle current above.) Here a is
automatically a gauge field since the U(1) gauge transformation does not modify the current. Gauge invariance
forbids the mass term a*a,, so the lowest-dimension possible term is the Chern-Simons term, which we write for
future use with a different normalization than above:

k
CCS = Ee“”‘au&,m\. (12)

The point of the new normalization k = 87y compared to (5) is that the boson-fermion statistics transformation above
now corresponds just to k = 1. We will argue later that & should be an integer for the electron to appear somewhere
in the spectrum of excitations of the theory.

Does this term need to appear? No, for example, in a system that has P or T symmetry, it cannot appear. However,
if it does appear, then since there is only one spatial derivative, it dominates the Maxwell term at large distances.
Effectively we define the quantum Hall phase as one in which L¢g appears in the low-energy Lagrangian; for example,
this is true in both the Laughlin state and the physical state with Coulomb interactions, even though the overlap
between those two ground-state wavefunctions is presumably zero in the thermodynamic limit.

What if we added the a,J* coupling and integrated out the gauge field? Well, the main reason not to do that is
that we obtain a nonlocal current-current coupling. Since the original action is quadratic in the fields, this integration
is not too difficult, but an alternate, equivalent way to do it is to solve for a in terms of J. Given a general Lagrangian

L=¢Qd+ ¢J, (13)
where Q denotes some operator, we have the formal equation of motion from varying ¢
200 =—J (14)
which is solved by
¢ = =y (15)
29
Then substituting this into the Lagrangian (and ignoring some subtleties about ordering of operators), we obtain
EziJéJ—JiJ:—JiJ. (16)

So for the Chern-Simons term we need to define the inverse of the operator ¢#**, that appears between the a fields.
This is a bit subtle because there is a zero mode of the original operator, related to gauge-invariance: for any smooth

2 Even non-Abelian statistics are possible if there are multiple ground states: the phase factor associated with a particular braid is then
a matrix acting on the set of ground states, and two such matrices need not commute.
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function g, ¢#**9,(0xg) = 0. To define the inverse, we fix the Lorentz gauge Oua, = 0. In this gauge, we look for an
inverse using

(e"29,) (2P Dqap) = e X (D,0na5). (17)

We can combine the € tensors by noting that e#** = e*¥_ so there are two types of nonzero terms in the above: either
= ca and v = [ or vice versa, with a minus sign in the second case. From the first type of term, we obtain 0, (9sas)
which is zero by our gauge choice. From the second type, we obtain

—02a,,. (18)
So the inverse of the operator appearing in the Chern-Simons term in this gauge is —***d, /92, and the Lagrangian
(5) with the gauge field integrated out is just
1 "2,
= —— 1 ) . 19
i () (19)

Aside from showing another interesting difference between the Chern-Simons term and the Maxwell term, we can
use this inverse to couple the Chern-Simons theory to an external electromagnetic gauge potential A,. We will set
e = h =1 except as noted. We do not include the Maxwell term to give this field dynamics, but rather view it as an
imposed field beyond the magnetic field producing the phase. For example, we could use this additional field to add
an electrical field, and we should find a Hall response. Let’s try this:

k vA 1 vA k vA 1 vA
L=—e""a,0,a\ — %e“ A, 0yay = Ee“ a,0yay — %e“ a,0, Ay, (20)

where in the second step we have dropped a boundary term and used the antisymmetry property of the e tensor.
Note that to obtain the second term we have just rewritten A, J" using (11.

Now we can integrate out a, using equation (19) above, recalling v = k/(87), and obtain
s 1 1 1

_ 8 A v

E IJ?J/\ = mﬁua aaAﬁEHV 61,56 v a»\/A(S. (21)
where in the second step we have used the rewritten Lagrangian in (20) to identify J* = ie‘“’)‘ayA,\. As above, the
nonzero possibilities are &« = v and 8 = A (+1) or vice versa (-1), and also v = p and 6 = v (41) or vice versa (-1).
Working through these, one is left with the v = v and § = p terms,

Lot = +J, "0

1
Lo = ——€e" A,0,A,. 22
ff 47rl<:6 " A (22)
This is the electromagnetic Chern-Simons term. The electromagnetic current is obtained by varying A:
B=— = —¢€'""0,A). 2
g 54, okt v (23)

where the factor of 2 is obtained because the variation can act on either A.

We can see immediately that this predicts a Hall effect: in response to an electrical field along z, we obtain a
current along y. What about the factor 1/(27)? That is here just so that the response, once we restore factors of e
and h, is

2 2
e le
_ _-Z 24
%oy = Omkh Kk h (24)
Here we get a clue about the physical significance of k. Another clue is to consider the electromagnetic charge J°
induced by a change in the magnetic field 6B (i.e., an additional field beyond the one producing the FQHE):

1
0
J'=don= 27rk(sB' (25)
where we have written J° = dn to indicate that this electromagnetic density describes the change in electron density
from the ground state without the additional field. For the IQHE, a change of one flux quantum corresponds to one
additional electron, while we can see that the k& = 3 Chern-Simons theory predicts a change in density e/3, consistent
with the quasihole and quasiparticle excitations.

To summarize what we have learned so far, we now see that Chern-Simons theory predicts a connection between
the Hall quantum, the statistics of quasiparticles in the theory (from the previous section), and the effective density
induced by a local change in the magnetic field. Here “quasiparticles”, which we will discuss later, means whatever
particle couples to the Chern-Simons theory as in the preceding section, which need not be an electron.



C. Chern-Simons theory Ill: topological aspects and gapless edge excitations

One obvious respect in which the Chern-Simons theory is topological is that, because € rather than the metric tensor
g was used to raise the indices, there is no dependence on the metric. In Zee’s language, it describes a world without
rulers or clocks. Since the stress-energy tensor in a relativistic theory is determined by varying the Lagrangian with
respect to the metric, the stress-energy tensor is identically zero.

How can a theory be interesting if all its states have zero energy, as in the pure Chern-Simons theory? Well, one
interesting fact is that the number of zero-energy states is dependent on the manifold where the theory is defined.
We will not try to compute this in general but will solve the theory for the case of the torus. It is quite surprising
that we can solve this 2+1-dimensional field theory exactly; the key will be that there are very few physical degrees
of freedom once the U(1) gauge invariance is taken into account.

We wish to solve the pure Chern-Simons theory with action

k
»CCS = EG”MG#&/GA (26)

on the manifold R (time) xT? (space). The gauge invariance is under a, — a, + 0ux, X an arbitrary scalar function.
Given an arbitrary configuration of the gauge field a,,, we first fix ap = 0 by the gauge transformation a,, — a, + 0, x
with x = — [ ag dt. The Lagrangian is then

L= —Eewaiaj, (27)

where 7,7 = 1,2. The equation of motion from varying the original Lagrangian with respect to ag now gives a
constraint

eijaiaj =0. (28)

There is still some gauge invariance remaining in a1, as: we can add a purely spatially dependent x, so that ag remains
0, to make 0;a; = 0 (exercise). Then (a;(t), a;(t)) have zero spatial derivatives and hence are purely functions of time.
The Lagrangian (27) is now just the minimal coupling of a particle moving in a position-dependent vector potential;
thinking of (a1, as) as the coordinates of a particle moving in the plane, and noting that a constant magnetic field
can be described by the vector potential (By/2, —Bxz/2) = (Bas/2,—Bay/2), we see that this is the interaction term
of a particle in a constant magnetic field.

So far, using gauge invariance we can reduce the degrees of freedom from a 2+1-dimensional field theory to the path
integral for the quantum mechanics of a particle moving in two dimensions. There is one last bit of gauge invariance
we need to use. This will reduce the space on which our particle moves, which so far is R? because the gauge fields
are noncompact, to the torus 72 on which the theory is defined. We consider a gauge transformation of the form
aj — aj —iu"'0;u, where u is purely a function of space. Note that if we can write u = exp(if), this becomes a
conventional gauge transformation a; — a; + 0;60. This gauge transformation will not break the previous two gauge
constraints if V26 = 0.

However, the periodicity of the torus means that we might not be able to define 8 periodically, even if u is defined
globally and the gauge transformation is indeed periodic. Taking the torus to be L; X Lo, the following 6 has zero
Laplacian everywhere and gives rise to a periodic u and hence a periodic gauge transformation, even if 6 is not itself
periodic:

2mniay n 2mnoas

0= 2
L1 L2 ( 9)

The effect of this gauge transformation is that we can shift the particle’s trajectory by an arbitrary constant integer
multiple of L in the x direction and Lo in the y direction. To make the torus equivalent to the unit torus, we can
rescale a;(t) = (2w/L;)q;(t). So finally we have shown

k kL1L, (2m)? .. .
S= [ dzdt ~ e a,0,a) = — /dt g 20
/ 47‘1’6 nOp @) pp L1, €74iq; ( )
Here one L L, factor is from the spatial integrals and one is from the change of variable from a; to ¢;. We still haven’t
done anything quantum-mechanical to solve the path integral. However, we can temporarily add a term mg? /2 to the
Lagrangian and recognize it as the path integral for a particle moving on the torus in a constant magnetic field. The
gauge potential is A; = kme;;q;, which corresponds to a magnetic field B = 27k (this factor of 2 always appears in



the rotational gauge). This is in our theorist’s units with & = e = 1; it means that there are a total of k flux quanta
through the torus.

The limit we care about for pure CS theory is m — 0, which takes all states not in the lowest Landau level to
infinite energy. This makes sense because in a topological theory there can be no energy scale; the states either have
some constant energy (the lowest Landau level here), which can be taken to zero, or infinite energy (the other Landau
levels here). A quick calculation shows that there are exactly k states in the lowest Landau level on the torus pierced
by k flux quanta; note that the “shift” of 1 extra level on the sphere is absent. For example, the lowest Landau level
with one flux quantum through the sphere corresponds to the coherent-state path integral for a s = 1/2 particle (see
problem sets), with 2 degenerate states.

The conclusion is that the parameter k also controls the ground-state degeneracy on the torus. An argument (X.G.
Wen and Q. Niu, Phys. Rev. B41, 9377 (1990)) (regrettably direct calculation seems to be more difficult) shows that
the general degeneracy of the pure Abelian CS theory on a 2-manifold of genus ¢ is k9. So for a topological theory,
the physical content of the model is determined not just by explicit parameters in the action, such as k, but also by
the topology of the manifold where the theory is defined. In this sense topological theories are sensitive to global
or “long-ranged” properties, even though the theory is massive/gapped. (Of course, in the pure CS theory there is
no notion of length so the distinction between local and global doesn’t mean much, but adding a Maxwell term or
something like that would not modify the long-distance properties; it would just mean that the other Landau levels
are no longer at infinite energy.)

Bulk-edge correspondence

We noted above that the Chern-Simons term has different gauge-invariance properties from the Maxwell term: in
particular, in a system with a boundary, it is not gauge-invariant by itself because the boundary term we found above
need not vanish. Our last goal in this section is to see that this gauge invariance leads to the free massless chiral
boson theory at the edge,

k

Sutge = 1 / dt dz (9, + v0y)60s0. (31)

Here k is exactly the same integer coefficient as in the bulk CS theory, while v is a nonuniversal velocity that depends
on the confining potential and other details. Note that the kinetic term here is “topological” in the sense that it does
not contribute to the Hamiltonian, because it is first-order in time. The second term is not topological and hence
shouldn’t be directly obtainable from the bulk theory.

The theory of the bulk and boundary is certainly invariant under “restricted” gauge transformations that vanish
at the boundary: a, — a, + 9, x with x = 0 on the boundary. From (7) above, the boundary term vanishes if y =0
there. This constraint means that degrees of freedom that were previously gauge degrees of freedom now become
dynamical degrees of freedom. We will revisit this idea later.

To start, choose the gauge condition ag = 0 as in the previous section and again use the equation of motion for ag as
a constraint. > Then €”a; = 0 and we can write a; = 9;¢. Substituting this into the bulk Chern-Simons Lagrangian

S = _E/ € a;00a; d*x dt = _E/ (00000 — 0y do0yd) d*x dt

k
= T in (aw(¢306y¢) - ay(anO@qu)) d*z dt
__k TR
= ~a (VX v),d°zdt = 47T/v dldt, (32)
where v is the vector field
vV = (0000, ¢, 00y ). (33)

(You might wonder why this doesn’t let us transform the action simply to zero in the case of the torus studied in the
previous section. The reason is that using Stokes’s theorem in the second line, we have assumed the disk topology—
since the torus has nontrivial topology, we are not allowed to use Stokes’s theorem to obtain zero, cf. “Preliminaries”
lecture notes.) So at the boundary, which we will assume to run along x for compactness, the resulting action is, after

3 Here and before we are assuming that the Jacobians from our gauge-fixings and changes of variables are trivial. That this is the case is
argued in S. Elitzur et al., Nuclear Physics B 326, 108 (1989). Another nice discussion in this paper is how, for the non-Abelian case,
the bulk can be understood as providing the Wess-Zumino term that keeps the edge theory gapless.



an integration by parts,

Seage = % / 0,60, da dt. (34)

We’re almost done—this predicts a “topological” edge theory determined by the bulk physics; this edge theory is
topological in that the Hamiltonian is zero. However, in order to obtain an accurate physical description we need
to include non-universal, non-topological physics arising from the details of how the Hall droplet is confined. One
approach to this is to start from a hydrodynamical theory of the edge and then recognize one term in that theory as
Sedge above. The other term in that theory is a nonuniversal velocity term, and the combined action is

Sedge = % / (84 — v, 0) Db da dit. (35)

Here the nonuniversal parameter v clearly has units of a velocity, and in the correlation functions of the theory
discussed below indeed appears as a velocity. The Hamiltonian density is

kv 9
H= 2 (0:0) (36)
Note that for the Hamiltonian to be positive definite, the product kv needs to be positive: in other words, the sign of
the velocity is determined by the bulk parameter k even thought the magnitude is not, and the edge is indeed chiral.
(The density at the edge is found from the hydrodynamical argument to be proportional to d,¢/(27), so the above
interaction term corresponds to a short-ranged density-density interaction; as usual, we will neglect the differences
that arise if the long-ranged Coulomb interaction is retained instead.)

D. Chern-Simons theory IV: connecting edge theory to observables

We give a quick overview of how the above theory leads to detailed predictions of several edge properties. The
general approach to treating one-dimensional electronic systems via free boson theories is known as “bosonization”,
and is the subject of several books. *. While we will not calculate the main results in detail, it turns out that there is a
close similarity between the 1-dimensional free (chiral or nonchiral) boson Lagrangian and the theory of the algebraic
phase of the XY model studied previously.

The reason such a connection exists is simple: the Euclidean version of the nonchiral version of the above free boson
theory is just the 2D Gaussian theory. However, we know from the study of the XY model that subtleties such as
the Berezinskii-Kosterlitz-Thouless transition arise when the variable appearing in the Gaussian theory is taken to
be periodic, as when it describes an angular variable in that model. One of the surprising results we found was a
power-law phase with continuously variable exponents: the correlations of spin operators S, + S, = exp(if) go as a
power-law with the coefficient depending on the prefactor of the Gaussian.

The connection between the edge theory above and physical quantities is that the electron correlation function is
represented in the bosonized theory as e**?: effectively ¢ describes a single quasiparticle and k quasiparticles make up
the electron. The electron propagator in momentum space is likewise here found to have an exponent that depends on
k: there is a factor of k2 from the k’s in the electron operator, and a factor of k! from the quasiparticle propagator
since k appears as a coefficient in the Lagrangian. The result is
('Uq + w)k—l

vg—w

G(q,w) x (37)

This describes an electron density of states N (w) oc |w|*~!, and this exponent can be measured in tunneling exponents:
dI/dV o V*~1. As a sanity check, the k = 1 case describes a constant density of states and the predicted conduction
is Ohmic: I < V.

Experimental agreement is reasonable but hardly perfect; at ¥ = 1/3 the observed tunneling exponent I o« V¢
observes « & 2.7, which is far from the Ohmic value (o« = 1) but reasonably close to the predicted value o = 3. The
tunneling exponent also does not appear to be perfectly constant when one is on a Hall plateau, as the theory would

4 For example, M. Stone, Bosonization, World Scientific



predict. Other measurements include “noise” measurements that attempt to see the quasiparticle charge directly, and
in recent years interferometry measurements that try to check more subtle aspects of the theory.

In closing we comment briefly on the generalization of the above Chern-Simons and edge theories to more compli-
cated (but still Abelian) quantum Hall states. These states, as suggested by the hierarchy picture, have multiple types
of “particles”, and two particles can have nontrivial statistics whether or not they belong to the same species. These
statistics are defined by a universal integer “K matrix” that can be taken as a fundamental aspect of the topological
order in the state. (Information must also be provided about the allowed quasiparticle types.) The resulting CS
theory is

Lorg 14 g
L= EK a,0,a; (38)
This effective theory works for all but a few proposed quantum Hall states; we will discuss these exotic “non-Abelian”
quantum Hall states later.



